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DIFFERENTIAL CALCULUS ON QUANTUM COMPLEX 
GRASSMANN MANIFOLDS I: CONSTRUCTION 

STEFAN KOLB 


Abstract. Covariant first order differential calculus over quantum complex 
Grassmann manifolds is considered. It is shown by a Pusz-Woronowicz type 
argument that under restriction to calculi close to classical Kahler differen¬ 
tials there exist exactly two such calculi for the homogeneous coordinate ring. 
Complexification and localization procedures are used to induce covariant first 
order differential calculi over quantum Grassmann manifolds. It is shown that 
these differential calculi behave in many respects as their classical counterparts. 
As an example the g-deformed Ghern character of the tautological bundle is 
constructed. 


Covari ant first or der diff erential calculus is a concept first introduced by S. L. Wo- 
ronowicz | Wor87 |, [ Wor89 | to generalize the notion of differential form from com¬ 
mutative algebra to quantum groups and quantum spaces. The task to find well 
behaved analogues of differential forms for the noncommutative deformed coordi¬ 
nate algebras appearing in the framework of quantum groups is still of considerable 
interest | Her98 |, [ 3ch99 |, | SV98 |. In PW89| W. Pusz and S.L. Woronowicz proved 


that for the quantum vector space of dimension > 3 there exist exactly two dif¬ 
ferential calculi freely generated by the differentials of the generators. In | Pod92| 
P. Podles classified differential structures on the quantum 2-sphere which have 
certain properties similar to classical differential forms. It turned out, that only in 
the so called quantum subgroup case c = 0 such a differential calculus exists and is 
then uniquely determined. 

Podles quantum 2-sphere is an example of a g-deformed Grassmann manifold. 
The undeformed Grassmann manifold Gr(r, N) of r-dimensional subspaces in 
is a projective algebraic variety. It is well known |GP94 that its homogeneous 
coordinate ring 0(Vr) can be g-deformed to a quantum space Oq(Vr)- On the 
other hand M. Noumi, M. S. Dijkhui zen and T. Sugitani introduced a large class 
of quantum Grassmannians NDS97 |. Here only the quantum subgroup case is 
considered and will be denoted by Oq{Gr{r, N)). The aim of this paper is to 
construct a canonical covariant first order differential calculus over Oq{Gv{r, N)) 
and investigate its properties. 

The g-deformed coordinate rings Oq(Vr) and Oq{Gr{r, N)) are closely related. 
More explicitly we consider the complexification of Oq{Vr), an algebra obtained 
by adding complex conjugate elements. This complexification has a distinguished 
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invariant element, and Oq{Gi{r, N)) can be obtained as a subalgebra of the local¬ 
ization with respect to this element. It is the main observation of our work that this 
construction allows an analogue on the level of differential calculus. To achieve this 
the notions of complexification and localization of first order differential calculus 
are introduced. In generalization of the above mentioned classification result of 
|PW89 differential calculi over Oq{Vr) are classified. For this purpose the U{sIn)- 
module structure of classical Kahler differentials over 0{Vr) is analyzed. Under 
suitable additional assumptions all covariant first order differential calculi with the 
same {7g(slAr)-module structure are classified and it is seen that exactly two such 
calculi exist. Complexification and localization then lead to a calculus rJ(Gr(r, N)) 
over Oq{Gi{r,N)) which in the case of SqQ is seen to be isomorphic to the calcu¬ 
lus constructed by Podles. Thus a relationship between the calculus of Pusz and 
Woronowicz on the quantum plane and Podles’ calculus on S^q is established and 
generalized to arbitrary Grassmann manifolds. 

The construction of rJ(Gr(r, N)) given here allows to perform explicit computa¬ 
tions. As an example it is shown that as a left module rg(Gr(r, N)) is generated by 
the differentials of the generators of Oq{Gr{r, N)). The dimension of rJ(Gr(r, iV)) 
in the sense of pdeif is estimated. 

Considering Oq{Gi{r, N)) in terms of the appropriate set of generators and re¬ 
lations it is straightforward to construct a q-deformed analogue of the module of 
sections of the tautological bundle over Gr(r, TV). This allows to introduce the 
q-deformed Chern character of the tautological bundle. It is a sum of closed dif¬ 
ferential forms in the universal higher order differential calculus of rJ(Gr(r, iV)) 
which are seen to be central. Thus it is to be expected that the cohomology ring is 
independent of the deformation parameter. 

The ordering of the paper is as follows. Section ^ serves to fix notations. In 
Section ^ quantum Grassmann manifolds are recalled. The notion of complexi¬ 
fication and localization are applied to the homogeneous coordinate ring Oq{Vr) 
establishing the relation b etween Oq{Vr) and Oq{Gr{r, N)). This part owes much 
to the detailed analysis of | Sto98 . Explicit relations for different sets of generators 


of Oq{GT{r, N)) are established. In a slight digression these relations are used to 
calculate the kernel of the quantum analogue of the canonical map dual to the 
inclusion Gr(r—l,fV—1) ^ Gi{r,N). The explicit relations between different sets 
of generators involve a considerable number of i?-matrices. To simplify notations 
the graphical calculus of | Tur94| is used. In Appendix ^ this calculus is recalled 
and useful simplifications of morphisms often met in our framework are provided. 
The explicit construction of the canonical covariant first order differential calculus 
is performed in Section ^ First the notations of localization and complexification 
for differential calculus on q-spaces are introduced. Then under suitable additional 
assumptions all differential calculi over the homogeneous coordinate ring Oq{Vr) 
are classified. They are factored by their torsion submodules and then turn out to 
be given by relations of i?-matrix type. Localization and complexification is applied 
to induce the desired calculus over 0g(Gr(r,TV)). 

The last section is devoted to the construction of the q-deformed Chern character 
for the tautological bundle over Gr(r, N). 
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1. Notations and conventions 


Unless stated otherwise all notations and conventions coincide with those used 
in | KS97 |. Throughout this work ^ 1 for all A: G N is assumed. 

The g-deformed universal enveloping algebra Uq{slN) is the complex algebra 


generated by elements Ei,Fi, Ki and i = 1,..., N—1 and relations 

K,K-^ = K-^K, = 1 
K,K, = KjK, 

K,E, = q^^^EjK, 

KiFj = q-‘^'^FjK, 

K, - K-i 


EiFn — FjEi = 6. 


•’ i-i-' 


- — CLij 




1 Q-jj 

k 

1 Q,ij 


e] ^EjE^ = 0 , 


pi ay f^p.pk ^ 


* + j 
i + j- 


Here 


2 ifi=j, 

= “( -1 if l*-7l = 

0 else 


denotes the Cartan matrix of slw and the g-deformed binomial coefficient is defined 
by 

f W [^“1] ■ ■ ■ [n—k+l] 

\k)^= [l][2]...[fc] 

where [x] = ’^qZq-i ■ The algebra 17g(s[Ar) obtains a Hopf algebra structure by 
AKi = Ki® Ki 

AE, = Ei®K, + l®Ei 

AF, = Fi®l + K-^ ® F, 

c{Ki) = 1 , c{Ei)=e{Fi)=Q 

S{KZ = K-\ S{Ei) = -E,K-\ S[FZ = -K,F,. 


Among the irreducible hnite dimensional representations of Uq{5iM) are the so called 
type 1 representations V (A) which are uniquely determined by a highest weight 
A. More explicitly if tUj, i = 1 denote the fundamental weights and if 

A = ZZi G Zli Nqivi is a dominant integral weight there exists v G V (A) such 
that 

(1.1) F,v = 0, K-\ = q^'v. 


Dually the g-deformed algebra of regular functions Oq{SL{N)) is the subalgebra 
of the dual Hopf algebra of Uq^slN) generated by the matrix coefficients of the 
irreducible type 1 representations. It is generated by the matrix coefficients u®, 
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i, j = 1,..., N oi the vector representation. By construction the type 1 representa¬ 
tions of C/g(s[Ar) coincide with the right 0q(SL(A^))-comodules. If 9 S M the Hopf 
algebra Oq{SL{N)) can be endowed with a H<-structure by (uj)* = S{ul) and is 
then denoted by Oq{S\J{N)). The category of type 1 representations of C/q(sl]v) is 
a braided monoidal category. There exists a universal r-form 

r : Oq{SL{N)) ® Oq{SL{Nj) C 


such that the braiding Rvw '-V ®W ®V can be written as 


v®w ^ W(Q) ® t>(o)r(ti(i),W(i)) 

where Sweedler notation is used. The convolution inverse of r is denoted by r. For 
any a,5 G Oq{SL{N)) the relations 

(1-2) r(a(i),6(i))a(2)6(2) = &(i)a(i)r(a(2), ^( 2 )) 

(1-3) r(a(i), 6 (i)) 6 ( 2 )a( 2 ) = a(i) 6 (i)f(a( 2 ), 6 ( 2 )) 

hold. In terms of the solution 


(1.4) 


okl _ 

rt^j — 



if i = j = k = l, 
if i = I ^ j = k, 
if k = i < j = I, 


0 else 


of the braid relation the universal r-form is determined by 

(1.5) r{u[,v!fj) = pkfj 

where p G C satisfies = < 7 “^. This universal r-form is real, i.e. 

r{a*,b*) = r(b, a). 

Introduce variants of the i?-matrix by 

okl _ r>ji Dkl _ mfc ofcZ ^2j — 2k ^Ij 

^ij ^Ik ^ij ^jl ^ij ^ ^ki 

{R-tl = iR-y,l {R-tl = {R-^)fi [R-tl = q^^-^\R-^)l. 

The meaning of these variants becomes clear if one relates them to the universal 
r-form 

(1.6) R^l=p-^v{S{v^i),S{ui)) {R-tl =pr(S(ui),S(ui)) 

(1.7) R^J=p-^r(u^,S(u])) iR-)'y^=pr(S(ui),u’;) 

(1.8) R^^=p-^r{S^),n^) (R-)^^ = pr(ul Siui)). 

In terms of the matrix coefficients Uj of the vector representation V(uji) the matrix 
coefficients of the fundamental representation V(ijJs) are given by s-minors. More 
explicitly let I = {ii< ... <Zs} and J = {ji< ■ ■ ■ <js} denote subsets of {1,... ,N}. 
Define 

(T^Ss 

where Ss denotes the symmetric group in s elements and (.(a) is the length of the 
permutation a G Ss- Then the matrix coefficients 

{xi := 1 1 = {ii< ... <* J c {1,..., N}} 
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form a basis of a left C/q(s[Ar)-module isomorphic to V{ixis) with corresponding right 
Oq(SL(fV))-comodule structure 

A{xi) = xj ® Vj. 


As for the vector representation o a solution {RfJ") of the braid relation on 
V{u!s) ® V{ujs) is given by 


(1.9) 


r{Vf,Vf) 


In analogy 


to (|l. 6 |) -( |l. 8 [) define 


( 1 . 10 ) Rfj^=p-^\{S{Vl),S{Vi)) 

( 1 . 11 ) Rfj^=p-^\{Vf,SiVl)) 

( 1 . 12 ) Rfj^=p-^"v{S{Vi),V’^) 


Rij ■ 


(i?-)f/ 

(i?-)f/ 

{R-)fj^ 


p^\s{vi),s{vi)) 

p^\{S{Vl),Vf) 

p^\{Vf,SiVi)). 


For further details on g-deformed universal enveloping algebras Uq{2) and coor¬ 
dinate algebras Oq(G) consult KS97 |. 

For any subset 5" of a complex vector space V the symbol Line will denote the 
complex linear span of S. For any linear map A : F®” ^ some tensor 

power F®P, p > k+n the map Id®^ ® A 0 on will be denoted by the 

symbol Ak+i,...,k+n- 


2. Quantum Grassmann manifolds 

2.1. Localization and Complexification. Let X denote an [/q( 0 )-module alge¬ 
bra without zero divisors and let 1 S S' C A denote a left and right Ore subset, 
i.e. S is multiplicatively closed and satisfies 


Wx € X, S € S 3xl, Xr € X, Sl, Sr G S SrX = XrS, XSr = SXr. 


Then the localization X{S) is defined | MR88 1. It is possible to give criteri a when 
the C/q(g)-module structure of X induces a [/q(g)-module structure on X{S) | LR97 |. 
In the example considered here the existence of such an action of C/q(g) will be 
straightforward. 

Let now g £ R. and consider the compact real form of some quantum group Oq{G) 
with real universal r-form r. Assume X = ®\Xx where Xx are irreducible type 1 
representations of Gg(g), i.e. X is also an Oq(G)-comodule algebra. Let X denote 
the complex conjugate vector space with the opposite multiplication x ■ y := yx. 
Then X is also an Oq(G)-comodule algebra with comultiplication 


Ax ■ X a;(o) G G X ® Oq{G). 

Assume further that X is given by generators and homogeneous relations. For any 
homogeneous x G X (resp. y G X) let deg(a:) (resp. deg{y)) denote the degree, 
i.e. the number of generators occurring in each summand of x (resp. y). Then for 
each A £ C the tensor product := X X obtains an algebra structure by 


(2.1) {x ® y) ■ {x'® y') = (8> (y(o)i/')i"(y(i))a^(i)) 

and turns into an Gq(G)-comodule algebra ([KS97|, Lemma 10.31). The algebra 
ftp will be called the complexification of A. If A £ M then X^ is a =(=-algebra with 
{x®>y)* = y® X. 
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2.2. The homogeneous coordinate ring. The Grassmann manifold Gr(r, N) 
of r-dimensional subspaces of is the SL(A^)-orbit of a highest weight vector 
V G V(LOr) in the projective space P(T(wr.)). Its homogeneous coordinate ring 
0{Vr) is generated by the set of functions 

( 2 . 2 ) {h:=e{-v)\i€V{u;rr} 


in C)(SL(7V)). This approach allows a well known analogue in the g-deformed setting 
for arbitrary flag manifolds [ CP94 1, | LR92 1, [ TT91 1, | Soi92 1. We restrict ourselves to 
the special case of Grassmannians. More explicitly, if u G V{ujr) is a highest 
weight vecto r th en Oq{Vr) is defined to be the subalgebra generated by the matrix 
coefficients (^) in Oq(SL(7V)). 

Proposition 2.1. (| Soi92| , Prop. 1) As a Uq{slN)-module algebra OqiVr) is iso¬ 
morphic to the direct sum (DkyoV(k^r)* endowed with the Cartan multiplication. 


Recall that the Gartan multiplication is given on homogeneous components by 
the projection 


V(kWr)* ® V(mUJr)* P((fc + m)uJr)* ■ 


The g-deformed coordinate algebra Oq{Vr) can further be described in terms of 
generators Vjujr)* = VjiOs) , s = N—r, and relations by V^uig) <SiV{uJs) D T(A) = 0 
if A 7 ^ 2ws |Bra94], |TT91|. The notation s = N—r will be used throughout this 
paper. 

The eigenvalue of the braiding Rui^,ujs induced by the universal r-form on V (2ws) C 
V{ujs) 0 V{u}s) is given by qAN-s)/N ^ compare iKS97| 8.4.3, Prop. 22. Thus the 
eigenvalue of the rescaled braiding (RfJ") on V{2ujs) C P(ws) ® P(ws) equals g®. 
This eigenvalue occurs on no other irreducible subspace of P(ws) ® V{i.Os). There¬ 
fore the g-deformed homogeneous coordinate ring OqiVr) can also be defined by 
generators xj and relations 

XlXj = q~‘^XKXLRfj^- 


The complexification Oq{Vr)£ can also be given explicitly in terms of generators 
and relations. 


Lemma 2.1. Let (xj) denote the basis ofV{u!s) from above and let (yi) denote the 
dual basis ofV{uJs)* = R(wr). Then the complexification OqiVr)^ is isomorphic to 

OqiVr) ®Oq{Vs) 


and a complete list of relations is given by 


(2.3) 

XjXj 

= q-^XKXLRff 

(2.4) 

yiyj 

= q" yKyLiR~)fj^ 

(2.5) 

yixj 

= p~^^ XxKyLiR~)ff 


If X = p'^ g® then any invariant element c G P(ws) <8) P(wr) C OqiVr)^ is central. 


Proof. To prove (^) note that Axj = xj <S) Vj implies Ayi = yj ® SifDj) and by 
definition 


yixj = XxKyLviSivi),V^) =p-^"XxKyLiR-)fj^. 
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Decomposition of the tensor product V{uJs) ® V{u)r) yields that any invariant el¬ 
ement c G V{lOs) ® V{LOr) is a complex mult iple of Y^jXiyi. Now the last state¬ 
ment follows from the relations ( |1.9 | )-( |lT 2 ) and the properties of the universal 
r-form. □ 

2 

In what follows we will only consider the case A = p® g® and drop the index A. 

2.3. g-Grassmann Manifolds. The complex Grassmann manifold Gr(r, N) has 
the structure of a homogeneous space Gv{r,N) = GjK with G = SU(7V) and 
K = S(U(r) X \J{N—r)). The harmonic analysis of the square integrable functions 
on Gr(r, N) endowed with the Haar measure is given by |Hel84|, V Thm. 4.3, 


L\Gr{r,Nj)= 0 G(A). 


AGP 


Here denotes the set of itl-spherical dominant weights. In the case of Gr(r, N) 


the set consists of all weights of the form | Hel84 |, V Thm. 4.1, | Sto8 

min(r,s) 

(2.6) A= ^ riiiuji + ujN-i), Pi G No 


Thm. 4.2.1, 


where as before s = N—r. The direct sum 

C>(Gr(r,lV)) = 0 


AGP; 


is multiplicatively closed and will be called the coordinate algebra of Gr(r, IV). As 
Gr(r, N) is a projective variety this notion deviates from the classical formalism of 
algebraic geometry. 

Consider the generators V{uJs) C 0{Vr) of the homogeneous coordinate ring of 
Gi{r,N). To any / G V{uJs) associate a complex conjugate function f* defined by 


f*{p) = f{p)- 


The vector space V (wg) of complex conjugate functions is endowed with the complex 
conjugate scalar multiplication, i.e. (A-/*)(p) = A/(p). The SU(A^)-invariant scalar 
product on V{uJa) induces an isomorphism of representations 


l/(Wg) ^ ViuJaT =V{uJr) 

r ^ (•,/) 

which extends to an isomorphism of algebras 

W) ^ 0{Vs). 


Denote the algebra of functions on the affine cone Vr generated by V(uJs) and V(uJs) 
by 0(Vr)c- The multiplication 0(Vr) 0 0(Vs) ^ 0(Vr)c can be seen to be an 
isomorphism. Let c G V(uJs) ®V(uJr) C 0(Vr)c denote a nonzero invariant element 
(which is uniquely determined up to a scalar factor) and consider the algebra of 
functions on Vr generated by 

V = Line a; G G(ws) C 0{Vr),y G V{ujr) C GCHg)! . 
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The representation V is isomorphic to 

min(s,r) 

y {^k + ^^N-k) 

fc— 0 

where by abuse of notation V{loq + ujn-o) denotes the trivial representation. The 
elements of V are homogeneous of degree 0 and therefore induce functions on the 
Grassmann manifold. As the localization 0(Vr)c{c) has no zero divisors the el¬ 
ements of V generate the algebra 0{Gi{r, Nj). Thus classically 0{Gr{r, N)) is 
isomorphic to the subalgebra of 0(Vr)c(c) generated by V. 

This construction of 0{Gr{r, N)) allows a straightforward analogue in the q- 
deformed setting, g £ R \ { —1,0,1}. Namely consider the complexification 

OgiVrk = Og{Vr) ® OgiVs) 


of Oq{Vr) and let c £ V(ujs) <8) V{uJr-) C Oq{Vr)c denote a nonzero invariant ele¬ 
ment. By Lemma |2.1| the element c is central in OqiVkc- The subalgebra of the 
localization Oq{Vr)c{c) generated by 


V = 



X £ V(u;s) c Oq(Vr),y e V(uJr) C Og(V^)| 


will be denoted by Oq(Gr(r, N)) and will be called the g-deformed coordinate alge¬ 
bra of the Grassmann manifold. This definition of Oq(Gr(r, N)) will prove useful for 
our purpose as one can use the FODG on Oq{Vr) to induce a FODG on Oq{Vr)cic) 
and therefore on the g-deformed Grassmann manifold. The aim of the next theorem 
is to make contact with the definition of Oq{Gr{r, N)) in the literature. 

By construction there is an inclusion 


Oq(Vr) ^ Oq(SL{N)) 

which induces a covariant ^-algebra homomorphism 


^C : Oq{Vr)c ^ 0,(SU(A^)). 


Indeed, map yj to 
A={r+l,...,iV} 


jv})- follows from (O) that for 


S{vkvj= Y. Rm^nT^kS{V^N) iR-) 


-\KL 
IJ • 


M,N,K,L 


Now {R)iik! = g" ^maSna and therefore ic{xi) and icilJj) satisfy the relation ( |2.5[) . 
Note that ic(c) = 1. Therefore ic induces a map denoted by the same symbol 

ic : OqiGvkN)) ^ OqiSUN)). 

Define K C 17g(s[jv) to be the subalgebra generated by 

(2.7) = 

and set = {fc £ K\e{k) = 0}. The following theorem implies that k is an 
isomorphism of Oq{Gv{r,N)) onto the g-deformed coordinate algebra 

Oq{U/K) = {& £ C>g(SL(Af)) I (fc,5(i)}&(2) = 0 for all k £ K+} 

of the Grassmann manifold defined for instance in |DS99|] (5.1). Here (■, •) denotes 
the pairing Uq{slN) ® Oq{Sh{N)) —» C given in [ KS97 |, 9.4. 
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Theorem 2.2. C),(Gr(r, TV)) 0Agp+ ^(A). 

Proof. Note first that for any fc G N 

VikoJs) ®V(kLJr) — l)Ws) (g) l)Wr) © 

( min(r,s) 

ni{uJi + iVN-i) 

i=l 

where the summation is over all min(r, s)-tuples (ni, 712 , • ■ •) such that rii = k. 
As a vector space Oq{Gv{r,N)) c Oq{Vr)c{c) is generated by subspaces 

Wk := ^V{kus) ® VikiUr) C Oq{Vr)cic) 

consisting of all fc-fold products of elements of V. In Oq{Gi{r, N)) the subspace 
Wk,k-i C Wk isomorphic to 

V{{k — l)a;s) ®V{{k — l)wr) 


is identified with Wk-i- Indeed, if Vi G Oq{Vr)c denotes a highest weight vector of 
VioJi + LON-i) C V(ijJs) ® V{uJr) C Oq{Vr)c 


the element ... u"'’, ^ + £ = fc is up to a scalar multiple the unique highest 

weight vector in V{kuJs) ®V{kijJr) C Oq{Vr)c of weight +^N-i)- Dividing 

by implies the claimed identification of Wk,k-i with 114_i in Oq(Gr(r, N)). Now 
the claim of the theorem follows from (2.8). □ 


Note the inclusion ic{Oq{Gr{r, N))) C Oq(U/K). In fact it is known that Im(ic) 
and Oq{U/K) are isomorphic and that the decomposition of Im(ic) into irreducible 


modules is the same as the decomposition of Oq(Gr(r, N)) in Theorem |Sto£ 
This implies the following Corollary. 


Corollary 2.3. The map ic ■ Oq{GT{r, N)) Oq{U/K) is an isomorphism of left 
Uq{5\.N)-module algebras. 

2.4. Generators and relations. To present Oq{Gi{r, N)) in terms of generators 
and relations consider the standard basis xj G A'’(C^) = V{u)s) with multi-indices 
I = {ii <■■■< is) C A^}. If ei,...,eAr denotes the standard basis of 

Viui) = then 

(2.9) © • • • © e V{iUs) C y(a;i)®© 

(T^Ss 

Let further e^,... ,e)(f denote the dual basis of V{u}n-i) = (C^)* and define 

(2.10) 2/7 = E ® ® <(u) e Vicor) c y(a;^-l)®^ 

CTGSs 

Evaluation 

e*^ © ... © el (ej, © ... © e^ J = 


yi(xj) 



Sij = 


leads to 
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Thus up to normalization {yi)i is the dual basis of (cc/)/. The element 


(2.11) c = ^ XI ®yi G V{uJs) ®V(uJr) C Oq{Vr)c 

I 

is invariant and the generators zij = xjyj/c £ Oq{Gr{r, N)) fulfill the relations 


( 2 . 12 ) tr(z) := ^ z //=1 

I 

(2.13) ZiMZNKR^f’ =ZIK 

J 

(2.14) ZirzslRTjP^mn =0 

(2.15) zirzslR^Pmn =0- 


Here P (resp. P) denotes any projector onto a subspace V{y) CV{uJs)^V(cOs) such 
that /i 7 ^ 2uJs (resp. V{y) C V(ujr) ®V{LOr) such that y ^ 20 ;^). By construction of 
Og(Gr(r, A^)) as a subalgebra of Oq{Vr-)c{c) it is clear that the above list of relations 
is complete. 

To gain geometric understanding of Og(Gr(r, N)) it is useful to consider another 
set of generators. Let Zij denote the basis element of 

14(0) 0 14 {uj\ + ca7v—i) 0 14 


defined as the image in Oq{Vr)c{c) of the basis vector Cj 0 e* G 14(wi) 0 V{ujn-i) 
by the map 


(2.16) 


^s(s-3)/2 Ifllifl 
C 



where the graphical calculus from Appendix ^ is applied. 
The generator Zij can be written more explicitly 


Zij = q 




s\c 


-1 




Aki,...,ks 


12 

fcl 


• • ,is 
■■,ls 





where A and A denote the proje ctor s onto the invariant subspaces 14(ws) and 14 (ojr) 
respectively. Note that Lemma A^ implies for mi < m 2 < ■ • • < ms and arbitrary 

-s{s-l)/2 

.1711,1712,...,ms _ H ^ i ^ 

~ is,■■■,i2,‘ii ~ rdl ^ 2 i,cr(mi) ■ ■ • ^ 23 ,a{m 3 )- 

.res. 


Therefore 


„-s(s+l )/2 

r.. — 1 _ . xy, -1 

Z'1’3 ~ r„ 11 l„ i * 2 ,■■■,*«} 


[s — l]!c 




2-2 5 • • • 5*3 


where Tp and indices coincide and i{iA2, ■ ■ ■ As) 

denotes the length of the permutation which transforms i,i2, ■ ■ ■, *s into an increas¬ 
ing sequence. As noted in the last section there is a ^-algebra homomorphism 
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ic '■ Oq{Vr)c —*■ C’g(SU(A^)) which satisfies 




(tGSs 


(tGSs 


where ti,..., and ji, ■. ■ ,js are not necessarily ordered. This implies 


(2.17) 
Note that 

(2.18) 


N 

*c(%) = E 

k—r-\-l 



C 

9 "(«- 1 )/ 2 [ s ]!' 


The generators Zij will be called the little generators of Oq{Gr{r, N)) while the 
generators zjj will be called the big generators. Given a [/g(slAr)-module algebra 
O and any two morphisms zi, Z 2 € Hom(G (wi) ‘^V{ujn-i), O) define their product 
zi • Z 2 S Hom(y(a;i) (g) ^(wAr-i), O) by 


{Zl^Z2)^k =^{zi)ia{z2)bkRtn = E ® {Zl)ij{z2) jk ■ 

n j 


Here as above (zi)ifc resp. {zi • Z 2 )ik denotes the image of Bi (g e^. Graphically 
zi • Z 2 is represented by 



Instead of (zi • Z 2 )ik we will also write {zi)ij • {z 2 )jk or just {zi)ij • {z 2 )jk which 
indicates that • is a g-deformed matrix multiplication. 


Proposition 2.2. In Oq{Gr{r, N)) the following relations hold 

1- Ei Y.j = Zik, 

2. ZijZkaR’fiRfd = ^^’’~'^''^ciZjkRidRt’l, (Reflection Equation) 

s 


3 . zij 





Proof. Recall the following relations 

Run = uuJ? 

(2.19) = u^ui? 
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which follow from the properties (0), (U) of the universal r-form. By Corollary 
2.3 it suffices to verify the above relations for the elements ic{zij) & Oq{SL{N)). 
Property 1. is immediately checked. To verify the reflection equation note first that 


.,2fe-2Ar-l 


^kl — 


if k = I > r, 
else 


is a solution of the reflection equation 

( 2 . 20 ) JijJkaRib Red — JciJjkRdlRba- 

Then the relations ( p.l9 ) imply that Zij = u'^S{ul^)Jmn is also a solution of ( p.20D 
concluding the proof of 2. 

The last property will be verified by explicit calculation using the graphical 
calculus in Appendix □ 


By the above proposition Oq(Gr(r, N)) can be considered as a g-deformed version 
of the coordinate algebra of the affine variety of projectors onto s-dimensional 
subspaces of C^. 


2.5. Inclusion of quantum Grassmann manifolds. Consider the surjective 
map of Hopf algebras 

Oq{S\J{N)) ^ Oq{S\]{N -1)) 

ifi = lorj = l, 

^ [up, else. 

As the little generators zij G Oq{GT{r, N)) C Oq{S\J{N)), i,j > 2 map onto the 
little generators G C>q(Gr(r—1, A^—1)) C Og(SU(Af—1)) one obtains a 

surjection 

: OqiGrir,N)) ^ 0,(Gr(r-l, A^-l)). 

Classically this surjection corresponds to the inclusion 

Gr(r—1, A^—1) —> Gr{r,N). 


Proposition 2.3. Let 2 C Oq{Gr{r,N)), r >1 denote the ideal generated by the 
set 

{zik,zii\k,l = 


Then ker(i*) = I. 


Proof. Let C C Oq(Gr(r, N)) denote the ideal generated by 

{zij\ 1 G / or 1 G J}. 


It follows from Proposition ^.3 and ( 2.17 ) that C C T C ker(**). Therefore it 
suffices to show that the induced surjection 

OqiGrir, N))/C ^ 0,(Gr(r-l, AT-l)) 


is also injective. 
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For any multi-index K = {ki < ■ ■ ■ < kg), ki £ {2,..., N} let K' denote the 
multi-index (fci —1,..., kg — l). Note that 

( 2 . 21 ) 

( 2 . 22 ) 


bKL _ hK'L' 

rij T — IXt/ ; 


t)KL _ -niS. 

Kt 7 — 


^IJ 


K'L' 


I'J' 


if non of the occurring multi-indices /, J, K, L contains 1. 

Recall that ( 2.12| )-(2.15) form a complete set of relations for C>q(Gr(r, A^)). Let 
zij G Oq{Gr{r, N)) denote the canonical preimage of zjj G C>q(Gr(r—1, TV— 1)) 
obtained by raising all components of the multi-indices I and J by one. It remains to 
verify that modulo C the elements zij G Og(Gr(r, TV)) satisfy the defining relations 
( 2.12| )-( p)T^ ) of Oq(Gr(r— 1 , TV— 1)) . This clearly holds for ( ]2.12D . As to ( ^.13 ) 
note that (1 G / or 1 G J) and RfJ" ^ 0 imply (1 G AT or 1 G A). Thus modulo 
£ summation has only to be taken over all J ^ 1. Now (2.21) implies that the 
preimages z/j satisfy the definin g rela tion ( 2.13 ) of 0q(G r( r—1, TV— 1)) modulo £. 
The desired property concerning ( 2.14| ) follows from ( ^.2l| ), (2.22) and the fact that 
P can be replaced by R—q‘^^ similarly for (2.15|). □ 


3. Construction of Differential Calculus 

3.1. Covariant Differential Calculus. Let X denote a C-algebra. A first order 
differential calculus (FODC) over A is a A-bimodule F together with a C-linear 
map 

d : A ^ F 

such that F = Lincja d5 c | a, 5, c G A} and d satisfies the Leibniz rule 

d(o 6 ) = a d5 -I- da 6 . 

Let in addition A denote a Hopf algebra and /S.x : A —> X <Si A a, right A-comodule 
algebra structure on A. If F possesses the structure of a right A-comodule 

Ap : F ^ F (g) ^ 

such that 

Ar(ad 6 c) = (A;pa)((d (g Id)A;p 6 )(A;pc) 

then F is called covariant. A FODC F over a *-algebra A is called a =i=-calculus if 
there exists an involution =i=r : F ^ F such that *r(ad 6 c) = c*d( 6 *)a*. For further 
details of first order differential calculi consult |KS97|. 


3.2. Localization and Complexification. Let F denote an A-bimodule and let 
1 G 5” C A denote an Ore-subset as in section 2.1, Then 


T{S) = X{S) (g>xT(^xX{S) 

is called the localization of F with respect to S. By the Leibniz rule the local¬ 
ization of a covariant FODC d: A ^ F allows a uniquely determined differential 
ds : X{S) £(5”) such that dsl^r = is o d where is denotes the canonical map 

r^r(A). 

To define the complexification of a FODC assume as in section 


2.1 


that q G 


and consider the compact real form of some quantum group Oq{G). The complex 
conjugate vector space F of F endowed with the opposite A-bimodule structure 
a ■ 7 := ya, 7 ■ 6 := 67 , 7 G F, a, 6 G A obtains the structure of a covariant FODC 
by d = d and Ap: 7 1 -^ 7 ( 0 ) g 7 *^^. Assume again A to be generated by elements 
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of an irreducible type 1 representation V and homogeneous relations. Consider the 
d^p-bimodules 

:= (dl (g) :Y) (g);e r ® 

:= (g)^r®^(A’(g) 

and define := 0 , where ~ denotes the equivalence relation 


(3.1) y(^dx + dy<S'X ~ (a;(o) O dy(o) + da;(o) ® 2 /(o))r(?/(i), a:(i)) 

obtained by differentiation of (2.1) using the Leibniz rule. Assume that F is a graded 
A-bimodule and deg(da:) = deg(a;) = 1 for x S F. For x£VcX,yGVcX 
impose the additional relation 


(3.2) 


y®dx = Adx(o) O i/(o)r( 2 /(i), X(i)). 


Lemma 3.1. Let F^ denote the quotient ofV^ by ( |3.2[ ), then 

F^^ (A®F)©(A®r). 


and 


rrooj. tSy 


(3.3) dy®x = Ax(o) ® dy(o)r(?/(i), X(i)). 

Thus the claim follows from 

F'^/dJ) ^ A® F, ^ 


F'^/(^ ^ A® F. 


□ 


The covariant FODC F^ will be called the complexification of F. If A £ R then F^ 
is a ^-calculus and (F*^)* = F'^. 

3.3. Differential calculus over Oq{Vr)- As a guiding principle in the construc¬ 
tion of FODC over g-spaces one demands that dimensions should coincide with 
dimensions in the classical situation. Recall that the classical Kahler differential 
1 -forms over the homogeneous coordinate ring 0(Vr) are given by 

= (C)(VO ®F(w«)) /r 

where R denotes the C>(Vr)-submodule generated by the irreducible components 
F(A) C Sym^(F(a;s)), A ^ 2u}s- As the defining relations of 0{Vr) and are 
homogeneous is a graded 0(Vr.)-module. An element is homogeneous of degree 
k if it can be written as Pj dx-^ where pj are homogeneous polynomials of 
degree k—1 in the generators x^ of 0{Vr)- Denote the elements of degree k by D),. 

Lemma 3.2. The homogeneous components of the Kahler differential 1-forms over 
0{Vr) are given by 

(3.4) nl ^ V{ujs) 

t 

(3.5) ^ V(2uJs) © 0 F(a;s_( 2 fc+i) + ix>s+( 2 fe+i)) 

k=0 

(3.6) ^fc >2 — ^ (kLOs) ffi F {lOs-i {k — 2)u}s -f Ws+i) 
where t = min([-2^] , [^^]) in (|3.5|) . 
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Proof. By construction the C/(s[Ar)-inodule structure of and i® given by (3.4) 
and (^). Indeed 

min([f].[§]) 

Sym^(F(ws)) = 0 V (Ws-2fe + ^s+2k)- 


k=0 


The irreducible components isomorphic to V{kujs) and V{ijJs-i + {k — 2)ujs + w^+i) 
in l)a;s) ® V{iOs) C Oq{Vr) 0 V(a;s) are nonzero in because they don’t 

occur in V{{k—2)uJs) <8) Sym^(y(ws)). 

Thus it remains to check, that the other components in y((fc—l)a;s) ® Id(cLi,j) can 
be written in terms of the relations. This is achieved by direct computation. □ 


The aim of this subsection is to construct a graded covariant first order differ¬ 
ential calculus r over Oq{Vr) with the following properties. 

1. As a left Oq(Vr')-module T is generated by the differentials of the generators 

of Oq{Vr). 

2. The FODC T has the same bq(s[Ar)-module structure as its classical counter¬ 
part 

In the case r = N/2 to obtain uniqueness we demand instead the stronger conditions 
la. Linc{udu| u,v & V{ujs) C OqlVr)} = Linc{di;u| G V{ujs) C Oq{Vr)}. 

2a. Every homogeneous component of T has the same f7q(s[Ar)-module structure 
as its classical counterpart 


by the 
It remains to show that 


Conditions I., 2. and 2a. imply that one has to defin e Tfc C Oq{Vr) 0 V{u). 
right hand side of the expression for flj. in Lemma 3.2 
r = ©feTfe can be endowed with a right C>q(Vr)-module structure and a differential 
d: C>q(Vr) r such that it obtains the structure of a covariant FODC and without 
factoring by a nontrivial submodule. 

To define the right module structure of F note that the Leibniz rule, the covari¬ 
ance, condition la. and the defining relations of Og(Vr) imply that for any A 2u>s 
and any S C(A) CV{uJs) (ujs) 


(3.7) 


dxiUi = - Xidyi. 
i i 


Thus the right module structure of F is uniquely determined by a complex param¬ 
eter cr such that 


(3.8) 


dtiti = crtidti 


for any highest weight vector ti of V(oJs)- From the structure of t/q(s[jv) one obtains 
that © ^2 — qh ® ti is a highest weight vector of E(ws-i + Wg+i) if ^2 = Es{ti). 
On the other hand applying Eg twice to ( ^.8[ ) yields 

q~^dt2ti + dtit2 = Criq~^t2dti+tidt2) 
dt2t2 = crt2dt2. 


Rewrite these equations as 

(3.9) 

dtjtj 

(3.10) 

dt2ti 

(3.11) 

dtit2 


crtjdtj for j = 1,2 
Cr + 1 


q 


-1 


q 


tidt2 + 


crq - q 

q-^+t 


-tidt2 + 


cr + 1 


q 


t2dti. 
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Using (p.g|)-( |3.1lD to calculate dti{tit 2 — qt 2 ti) one obtains 

0 = {crq - q~^){crq~^ - q)[tldt2 - qtit2dti]. 

As by assumption the expression in the square brackets does not vanish, this implies 
cr = Thus it is proved that there exist at most two covariant FODC satisfying 
the conditions 1. and 2. above. It follows fro m th e cov aria nce and the choice of c 
that the right module structure of T given by (^) and (|3.8| ) is indeed well defined. 
The main result is summarized in the following theorem. 

Theorem 3.3. Let r € {1,..., A^—1}. Then there exist exactly two covariant 
FODC over OqiVr) satisfying conditions 1. and 2. {resp. la. and 2a. in the case 
r = N/2) above. 


The above theorem generalizes the classification result of [PW89| for covariant 
FODC on quantum vector spaces to all homogeneous coordinate rings of quan¬ 
tum Grassmann manifolds. Pusz’ and Woronowicz’ differential calculus on the 
g-deformed vector space is obtained by application of the above construction to 
Oq{VN-i)- In the case N = 2, r = \ there exist two families of FODC labelled 


by a complex parameter satisfying conditions I. and 2. | PW89| . Thus to obtain 
uniqueness in this case additional requirements like la. and 2 a. are indeed necessary. 

An interesting feature of the above differential calculi over Oq(Vr) is that the 
commutation relations between generators and their differentials are in general no 
longer given by multiplication by the universal i?-matrix. Indeed, the commutation 
relations are given by a covariant map A : V(u)s)®‘^ —> U(a;s)®^ with eigenvalue —1 
on \ SymV(w,). 

This apparent deficit can be dealt with considering the Oq(Vr)-torsion in F. 


Lemma 3.4. Let Ttor denote the Oq{Vr)-torsion submodule of F. 
concentrated in degree k = 2 and 


Then Ttor is 


(3.12) 


Ttor — V (A) 


where summation is taken over all A = uJs-m + Ws+m with 1 < m < min(s, r) odd. 

Proof. Indeed, it follows from ( |3.6|) and the covariance of the multiplication that 
the elements of Ttor defined by ( tl.I2| ) are annihilated by any x S V{ijUs) C Oq{Vr). 

Assume on the other hand that x S Oq{Vr), 7 S F such that xj = 0. Without 
loss of generality assume x and 7 to be homogeneous, i.e. 

X G V{kujs) C Oq{Vr) 

7 = 7^+7^ € ^(l^s) © Vi^s-i + il—‘2)ujs Wg-i-i) C F. 

If X and 7 are linear combinations of weight vectors the summands of maximal 
weight with respect to the lexicographic order of the weights are also torsion. Thus 
we can even assume x and 7 to be weight vectors. Choose bases {xi)i^i^ ofV{kujs) 
and ( 7 j^)iG/i of and of U(a;s_i-|-(Z- 2 )a;s+Ws+i) consisting of weight 

vectors such that x = Xi^, 7 ^ = 7 ^^^^ and 7 ^ = for some ix G Ix, ii G h and 
i 2 G h- Denote by S (!lg(SL(A^)) the corresponding matrix 
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coefficients, i.e. 

Axj =Xi® (D^Yj 

Aj} = ® (B^Y 

Z\7| = 7- ® P")}. 

Now X 7 = 0 implies 

(3.13) 0 = A(xj) = xa] ® {oni {D% + xal ® {oni {DX- 


As Oq{SL{N)) is an integral domain and the weight {k + l)ujs only appears in the 
product of matrix coefficients of the first summand 7 ^ ^ 0 implies a:max 7 max = 0 
for the highest weight vectors Xmax S V{kuJs) C Oq{Vr} and £ V{IlOs) C F. 
As a;max7max a highest weight vect or of V{{k+l)uJs) C F this is a contra- 

= 0 where 
This 
□ 


diction. Thus 7 ^ = 0, 7 ^ 7 ^ 0 and ( 3.13| ) would imply Xn 
7max ^ + {l—2)uJs + Ws+i) C F denotes a highest weight vector, 

again leads to a contradiction. Flence 7 = 0 . 


In the construction of a co variant differential calculus on g-deformed Grassmann 
manifolds in subsection ^.4| a localization with respect to an invariant element 
c G V{ujs) ( 8 ) V{u}s)* of the complexification of C>q(Vr) will be considered. In this 
localization all Fjor vanishes. Therefore it makes sense to divide by Ftor and con¬ 
sider 

j.red .= r/Fto, = 0Ffc 

k 

where now F^ denotes the homogeneous torsion free component of degree k, i.e. 

Fi = 17(ws), Ffe >2 = V{kus) © V{u>s-i + {k — 2)u!s + Wg+i). 


Note that in the case of quantum vector spaces there is no torsion and therefore 
F’''=‘^ = F is still the calculus of [ |PW89| . 

Consider the complexificat ion of the calculus determined by the con¬ 
stant cr = g^. By Lemma 2.1 and the general construction a complete set of 
relations of is given by 


(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 


xixj = q ’’xkXlRu^ 
dx/xj = q^~^XK<ixLRfj' 

yiyj = q"yKyL{R~)fj^ 
dy/2/j = g®“^?/RdyL(i7"i)f/ 
yixj = q‘‘xKyL{R~)fj^ 
dxiyj = q~’^yKdxLRff 
dyixj = q‘‘xKdyL{R~)fj^- 


To obtain the relations in the case cr = 

(3.21) dx/Xj = g®“^ 

(3.22) dyiyj = g^"® 


g ^ replace (3.15) and ( p.l7 ) by 
XKdxL{R~^)fj" 


yKdyLRu^- 
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3.4. Differential calculus over Oq{Gi{r, N)). Classical Kahler differentials over 
a commutative algebra A are given by (A) = I //^ where / denotes the kernel of 
the multiplication mA : A (S) A ^ A. Thus if A is a subalgebra of B the kernel of 
the induced map r^(Al) ^ r^(i3) is given by 

(ker niA H (ker TOB)^)/(ker mA)^- 

It can be shown that in the case A = 0{Gi{r, N)) and B = 0{Vr)c{c) this quotient 
vanishes. Thus classically Kahler differentials over 0(Gr(r, iV)) C 0{Vr)c{c) coin¬ 
cide with the C>(Gr(r, iV))-submodule of r^(C>(Vr)c{c)) generated by dz/j. This 
observation and the construction of section ^.3| allow to introduce a g-deformed 
version of classical Kahler differentials over C>(Gr(r, A^)). To do so consider the 
covariant FODC r+ over X = Og(Vr) constructed in section 3.3 uniquely deter¬ 
mined by cr = g^. The complex conjugate FODC r+ for X is seen to belong to 
Cpqr = g“^. The complexification F^ of F+ is a covariant FODC over X^. Localize 
this FODC with respect to the invariant element c G Xc and denote the resulting 
calculus by Fp(c). The canonical FODC over Oq{Gr{r, N)) is defined to be the 
subcalculus of Fj(c) generated by Oq{GY{r, N)) and is denoted by Fj(Gr(r, fV)). 
Note that Fj(Gr(r, N)) is a =i=-calculus as FJ is a =i=-calculus. To perform calculations 
in Fj(Gr(r,iV)) it is useful to point out some further relations in the localization 
Fp(c). Introduce partial differentiations 

F+ 

-L rn 


(3.23) 

(3.24) 


OqiVr) 


9 := d (g) Id : Oq{Vr) 

d := Id 0 d : Oq(Vr) Oq{V, 


F+ 

-■-c- 


Then in particular dc = dxiyi and dc = Xidyj. The following Lemma can be 
proved by direct calculation using ( 3.14 )-( 3.22 ). 

Lemma 3.5. In Fp(c) the following relations hold 


dcxi = q^xjdc 

dcxi = xidc 

dcyi = yjdc 

dcyi = q~'^yidc 

9c c" = g2"c’"9c 

dcc^ = g-2’^c”9c 

dczij = zijdc 

dczij = zijdc 

dxi c = cdxi + (g^ — l)a;/9c 

dyi c = cdyi -I- (g“^ - l)yidc 

dcc/ c~^ = c“^da;/ -I- (g“^ — l)c“^a;/9c 

dy/ c~^ = c“My/ -k (g^ - l)c“^y/9c 

(3.25) dzij = c~^dxiyj — zijc~^dc 

dzjj = c~^xjdyj - zjjc~^dc 

dzij c” = c^dzij 

dzij c" = c"9z/j 

(3.26) dzij zkl = q^ZMNdzopTBjKL^ 

dzij zkl = q~^ZMNdzopT^^B^ 


where T = 


Corollary 3.6. As a left Oq{Gi {r, N))-module Fj(Gr(r, A^)) is generated hy the 
differentials dzij. More explicitly 

dzijZKL = (g^ + q~‘^)ZMNdzopT^^2^ - ZMNZOpdzRsT^BDLTuKC^Cl^^ 
where 
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Proof. All indices will be dropped in the calculations. Note first that by (3.26) 


zdz = {q ^dzz + q^dzz)T ^ = (q'^dzz — {q^ - q '^)dzz)T ^ 
zzdz = {q-'^dzzz + q'^dzzz)Tf.^^^T^l^^ = {q'^dzzz - {q'^ - q~'^)dzzz)Tf;^^fT;f^l^Q 

which implies by (^.13) 


(3.27) zdzT = q^dzz - {q^ - q-'^)dzz 

(3.28) zzd2;r3456Ti234C'45 = q^dzz - {q^ - q~'^)dzz. 


Taking differences yields the desired relation. 


□ 


Note that ( 3.27 ) implies dz S T^{Gi{r, N)) and thus also dz G T^{Gr{r, N)). 
Therefore rJ(Gr(7’, N)) can be written as a direct sum 


rJ(Gr(r,fV)) = r+©r_ 


where r+ (resp. r_) denotes the 0g(Gr(r, A^))-subbimodule generated by the set 
{dzij I /, J} (resp. {dzjj \ I, J}). The differential d (res p. d) endows r+ (resp. r_) 
with the structure of a covariant FODG. Relation ( ^.26 ) implies that r+ (resp. r_) 
is even generated by {dzjj \ J, J} (resp. {dzjj \ I, J}) as a left Oq{GT{r, A^))-module. 
Writing (3.26) graphically 



one sees that as a left and as a right 05 (Gr(r, 7V))-module r+ (resp. r_) is even 
generated by the differentials of the little generators {dzij \ i,j} (resp. {dzij \ 

Lemma 3.7. In terms of the little generators of Oq{GT(r, N)) the following rela¬ 
tions hold in rJ(Gr(r, N)) 

(3.30) z*dz = 0 dz»z = dz 

(3.31) z*dz = dz dz»z = 0. 


Proof. To verify ( |3.30 ) note that the second identity follows from the first one, the 
projector property z»z = z and the Leibniz rule. The proof of z»dz = 0 is performed 
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graphically. If /r = ^^/^[s]![s] then by definition of the little generators 

/ 


• dzjk = 


lie 


dx 


V 


IWI 


— c ^Zjkdc 



- c ^Zikde 


dc 


C Zii- 


I—c ^Zikde 


The middle crossing can be resolved by means of Lemma A.2. 


Zij 9 dZjk — 


[S]c2 


y 


y 


dx 


kJ 


- c ^Zikde 


[S]c 2 


dx 


- c Zikdc 




= 0 . 


The conjugate relations ( 3.31 ) follow from ( 3.30| ) by application of * in the ^-calculus 

r+(c). □ 

Let A denote a Hopf algebra and S C -4 a right comodule subalgebra. Assume 
that A is faithfully fiat as K-module. Up to translation from right to left it was 
shown in [Her] that there exists a one to one correspondence between ^-covariant 
FODC r over B and certain left ideals C C B'^, where B'^ = ker(e|g). The dimen¬ 
sion of a covariant FODC F over B is defined by 

(3.32) dim(r) = dimc(r/rS+) = dimc(S+//:). 

It has been proven in [ MS99|| that Og(SU(N)) is a faithfully flat Og(Gr(r, JV))- 
module. 


Proposition 3.1. The differential calculi r_|_ and F_ are nonisomorphic. Their 
dimensions can be estimated by 0 < dim(r±) < r(N—r). 
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Proof. Note first that by construction of rJ(Gr(r, N)) the differentials dzjj do not 


vanish and therefore r_|_ ^ 0. Thus there exist i,j such that dzij ^ 0. Lemma 3.7 
then implies that T-i- and r_ are not isomorphic. 

To prove the second property note that for any differential calculus T with cor¬ 
responding left ideal £ the relation dim(r) = 0 implies L = . By the general 

construction of differential calculi in terms of left ideals in |Her| this is equivalent 

to r = 0. 

The vector space r_/r_S+ is generated by elements dztj, i,j = 1,... ,N. 
Thus to verify the upper bound it suffices to show that dzij G r_S+ if j > r or 


i < r. This follows from Lemma ^ which implies for j > r 


dzij = ‘^^~^^e{zjj)dzij - dzik • Zkj = -dzik • 2 ^ G r_i3+. 


For i <r consider the relation dzij = Zik*dzkj. Proposition 2.2.3 implies zij G 


if one of the multi-indices I or J contains an index < r. Thus the explicit form of 
the occurring i?-matrices in (|3.29D implies that zjjdzKL G T-B^ if / contains an 
index < r. As dzij = Zik • dzkj for i < r can be written as a linear combination of 
such expressions zjjdzxL the proof for r_ is completed. 

The estimate concerning r 4 . is obtained similarly. Note first that dzij = dzik* Zkj 
implies dzij G if j < r. On the other hand applying (3.29) to Zik • dzkj = 0 

one obtains the relation 



= 0 


for any i,j. Assume i > r and apply e to the right z factor. It follows from 
the explicit form of the occurring i?-matrices that one obtains only terms of the 
following types: 


• Multiples of dzkk , k < r 

• Multiples of dzkj, r < k < i 

• dzij with coefficient 


q ^e{zu) + iq ^-q) 

r<.i' <.i 


Thus by induction on i one gets dZij G for all i > r. 


□ 


For the construction of rJ(Gr(r, N)) one could have also started with the FODC 
F“ over X = Oq(Vr) which is uniquely determined by cr = q~'^. Indeed, consider 
Fp and localize with respect to the invariant element c. Define complex and complex 
conjugate differentiations d and d as in (3.23) and (3.24) with F^ replaced by F^. 
In analogy to Lemma 3.5 one obtains 
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Lemma 3.8. In Tp(c) the following relations hold 


dcxi = xidc + {q — l)cda;/ 

dcyi = Hide 

dec^ = q-^^c^dc 

dczij = zijdc+ {q~‘^ - l)cdzij 

dxi c = q~^cdxi 

(3.33) dzij = q^c~^dxiyj - q^zijc~^dc 

dzijc^ = q-^^c^dzij 

(3.34) dzij zkl = q^ZMNdzopTf^^2^ 
where T = R23Ri2R^4R23- 


dexi = xjdc 

day I = yide + (g^ - l)cAyi 

dcc'^ = q^^c^dc 

dczij = zijdc + {q^ - l)cdzij 

dyi c = q^cdyi 

dzij = q~^c~^xidyj - q~^zijc~^dc 

dzij c" = q'^^c^dzij 

dzij zkl = q~‘^ZMNdzopTlj^2^ 


Corollary 3.9. The Oq{Gr{r, N))-subbimodule ofT^ic) generated by {dzjj | /, J} 
{resp. {dzij \ I, J}, {dzjj \ I, J} ) is isomorphic to the subbimodule o/r^(c) gen¬ 
erated by {dzij 1 1, J} {resp. {dzij \ /, J}, {dzij \ /, J} ). 


Proof. Note first that the Oq{Vr)c{c) subbimodules of rp(c) and F, 


c(c) gener- 


ated by {dxj \ 1} are isomorphic as left Oq(Vr)c(c)-modules. By ( 3.25| ) and ( |3.33 ) 
there exists a left Oq(Vr)c(c)-module isomorphism of these submodules mapping 
dzij S rp(c) to dzij £ rp(c). Thus the left Oq{G r{r, A^))-submodules of rp(c) 
and r^(c) generated by {dzij | /, J} which by ( ^.26| ) and ( 3.34 ) coincide with the 
Oq{Gi{r, j V))-su bbimo dules generated by {dzjj \ I, J} are isomorphic as left mod¬ 
ules. But ( 3.26| ) and ( tl.34 ) also imply that the right module structures coincide. 
The claims concerning d and d are obtained analogously. □ 


The above isomorphisms of Oq{Gi{r, A^))-bimodules preserve the differentials. There¬ 
fore a construction of rJ(Gr(r, N)) starting from F” leads to the same differential 
calculus. 

In the case iV = 2, r = 1 of Podles’ quantum 2-sphere Oqo{S'^) = Oq(Gr(l,2)) 
Proposition 3.1 implies that dim(F;^(Gr(l, 2))) = 2. It has been shown in [Her| that 
there exists exactly one covariant first order ^-calculus over O qQ{S^) of dimension 
2 and that this calculus coincides with the calculus of | Pod92 1. 


4. Chern Classes 


Let 0{M) denote the coordinate algebra of an affine algebraic variety M. Alge¬ 
braic vector bundles over M are in one to one correspondence to projective modules 
over 0{M). A projective module V can be uniquely determined by a projector 
p G Matk{0{M)), i.e. by a surjective map 

p-.0{Mf ClO{Mf, p^=p. 


By the general theory ||Kar87| to any such projector is associated the curvature 
2 -form 


R = pdpdp £ Matfe(II^(M)). 
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The differential forms Ci G defined by 

det(l + i?) = 1 + Cl + C 2 + • • • + Cfe 


are closed. The corresponding cohomology classes are the Chern classes of the 
vector bundle. The differential forms ci,... ,Ck can be expressed in terms of the 
closed forms 


(4.1) 


chi(V) = -tr(B‘). 


Consult the first chapter of Kar87 | for further details. 

In the example of the Grassmann manifold Gr(r, N) resp. the homotope affine 
algebraic variety with coordinate ring C[zij \ i, j = 1,..., iV]/(z^ = z, tr(z) = N—r) 
the matrix z with entries z^ can be considered as a projector describing the tau¬ 
tological bundle over Gr(r, iV). The Ghern classes of the tautological bundle over 
Gr(r, A^) generate the cohomology ring H*{Gi{r, N)). 

The aim of this section is to construct a g-deformed analogue of the differen¬ 
tial forms chi{V{Gi{r,N))) associated with the module of sections V{Gr{r,N)) of 
the tautological bundle. Consider the universal higher order differential calculus 
r*(Gr(r, iV)) over Oq{Gr{r, N)) with first order calculus T^{Gr{r, N)). The matrix 
z = (zij) G MatAr(Oq(Cr(r,TV))) of little generators can be considered as a q- 
deformed analogue of the projector which descr ibes the tautological bundle. Define 
(j-deformed analogues of the differential forms 


chg,i(Cr(r, TV)) = —tr(z • dz • dz ' 


1^5^ " T7T7tr( 'R 
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Proposition 4.1. The differential forms chq i are closed in r*(Gr(r, TV)). 
The main step of the proof is achieved by the following Lemma. 

Lemma 4.1. 


tr(z • dz • dz • ■ ■ ■ • dz • dz • dz) = 0 
tr(i9z • dz • dz • ■ ■ ■ • dz • dz • z) = 0. 


Proof. The proof is performed graphically. By the commutation relations (3.26) 
resp. (3.29|) one has 


tr(z • dz* dz* ■ ■ ■ * dz * dz * dz) = 


= q 



dz 


dz 


dz 


dz 











J 


-jC 










s-1^ 

\ / 

^s-1^ 

\/ 

s-1 

\/ ■■■ \/ 

^s-1^ 



JJ 
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= q 


dz 


dz 


dz 


dz 


z 

^'6 


7^6 - 


f. 


= q^tr{dz • dz • ■ ■ ■ • dz • dz • dz • z) 

= 0 

where the last equation follows from ( |3.31 ). The second relation is verified analo¬ 
gously. □ 


Proof of Prop. U.4 Note that in r*(Gr(r, N)) 

(4.2) z • dz • dz = dz • dz — dz • z • dz = dz • dz • z 


and by Lemma ^ 

(4.3) z • dz » dz • ■ ■ ■ > dz = z • dz • dz • ■ ■ ■ • dz 

21+1 

dz • dz • ■ ■ ■ • dz uz = dz • dz • ■ ■ ■ • dz • z. 
■' -^ 

2/+1 


(4.4) 


Lemma 4.1 and the relations (|4.2|) - (4.4) imply 


d{chqj{Gr{r,N))) = 7 ^tr( dz » ■ - « dz ) 

2i+l 


= — I tr('2^ • dz • • ■ ■ • dz ) -I- tr(dz • z • dz • • • ■ • dz ) 

2Z+1 21 


’TtTT I 4r(z • dz » ■ ■ ■ ■ dzj -I- tr( dz • ■ ■ ■ • dz »z) 

2Z+1 2i+l 

”T/TT • dz • dz • ■ ■ ■ • dz) + iv{dz • dz • ■ ■ ■ • dz • z 
[ij! V 

= 0 . 


□ 


Corollary 4.2. The differential forms chq i{Gr{r,N)) are central in r*(Gr(r, A^)). 

Proof. It follows from ( ^.29 ) that the differential forms chq./(Gr(r, A^)) commute 
with the big generators z/j. Differentiation implies the claim. □ 

Appendix A. Graphical calculus 

The finite dimensional type 1 rep resentations of the Hop f algebr a Ugi^) form a 
ribbon category Uq{Q)—Rep (| KS97 |, 8 Prop. 19, 21, resp. |Tur94| for the notion 
of ribbon category). Thus there exists a functor iPug{g)-Rep from the category 
of Uq{Q)—Rep coloured ribbon graphs to Uq{Q)Rep defined in [Tur94|, Thm. 2.5, 
which allows a graphical calculus for morphisms in Uq{Q)—Rep. Restrict to the 
case g = sljv- On the second tensor power of the vector representation the braiding 


of Uq{Q)—Rep is given by multiplication by the i?-Matrix pR (1.5). To suppress 
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the rational exponent p = q~^/^ in this action a rescaled version of the graphical 
calculus is considered. 

More explicitly we restrict ourselves to tensor powers Vi 0 V 2 <8)... <8) 14 where 
14 , i = 1, ■ ■ - fc, denotes either the vector representation V or its dual V*. With 
respect to the standard basis ei,... ,ejv of 1^ (resp. e*,..., e^ of 18*) crossings of 
lines correspond to multiplication with rescaled i?-matrices as follows 




=R 


V* V* 




=R- 


V* V* 


and 



denotes the canonical inclusion C ^ 18 ®V*. 


Projections onto sub-representations will be denoted by boxes containing the 
highest weight of the sub-representation. Thus 


(A.l) 



denotes the projection onto the alternating sub-representations V{u}s) C 18®®. If 
a sub-representation occurs with some multiplicity the box denotes the projection 
onto the whole isotypic component. Boxes labelled by n-iUJi will be considered 
as projectors of 18 ® S or (I/*)® Thus in- and outgoing lines and lines 

between boxes are often dropped. Lines labelled by s G N represent s lines. With 
respect to the standard basis of 18 (resp. 18*) diagrams with ingoing lines labelled by 
indices are identified with the image of the corresponding basis vectors. Similarly 
for morphisms on Vjuj s) (re sp. 18(oj^)*) and the standard basis (xj) (resp. {yi)) 
defined by (2.9) (resp. (2.10|)). 


Note that different from |rur94| here diagrams are considered as morphisms from 
the bottom to the top. This convention is motivated by the choice to consider right 
comodule algebras, i.e. generators with lower indices. 

Let O denote a 175(slAr)-module algebra with generators (a;/). Assume that the 
generators (x/) form the basis of a finite dimensional representation 18 of Uq{slN)- 
Assume in addition that there is a given isomorphism between 18 and some sub¬ 
representation of 18®" (g) (i/*j®™ fQp some TO, n. Writing elements x into upper 
boxes with n ingoing lines labelled by 18 and to ingoing lines labelled by 18* we will 
also consider the corresponding morphism as a map to the algebra O. 

The following technical lemmata give a number of useful simplification results 
for morphisms in Uq{slN)—Rep which finally lead to a proof of Proposition 2.2.3. 
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Lemma A.l. 



M 

r 

J 





X 







X 


where = i—j if the Young tableau ofV{X) is obtained from the Young tableau 
ofV{fi) by adding a box in the (j,i)-position, or in terms of fundamental weights 
X = LOj — LOj — \ . 


Proof Express /i = Mfe € Nq in terms of the fundamental weights. By 

|KS97| , Prop. 8.22, the exponent riA./i is given by 

2-^ — (/i, p, + 2p) — {uJijUJi + 2p) + (/i + ujj — ujj-i, p uij — ujj-i + 2p), 

where \p\ = denotes the number of boxes of the Young diagram of V{p). 

This expression can be simplified using the relations 

-i) 

= ^i{N - j) 

which hold for j > i. □ 


Lemma A. 2. For k = 0,1,..., s define morphisms by 


4>k ■ = 



and 


Pk ■= 



Then 


4>k = 


k{s—k-\-l) 


a). 


■ 00 


and 


Pk = 


q 


— k{s — k-\-l) 


a). 


■ Po- 


'q q 

Proof. For /c = 0,1,..., s and m = 0,1,... ,k define morphisms by 


Xk ■ — 



and 


Xkm ■ — 



The relation R ^ = R — qld implies for m < k 
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and therefore 

(A.2) Xk = Afco = Afcfc - g ( ^ ) (l)k-i = (l>k- qq^~^[k](l)k-i. 


'k-l 




On the other hand by Lemma A.l one has 


UJs 

Us 

k\. 

/ 

y 


UJs 

Us 


2cjs 


= 9 



= g2(s-fc) 



= 9 



and therefore 

(A.3) = 

The relations (0) and 0) imply 


4>k = 


99'-'=[fc] 


1 — g —2(s —fe + l) 
k(s-k+l) 


4>k-l = 


^.2{l-k)+s 


[k] 


4>k-l = 


[s - fc + 1] i=l ^ ^ 


s-2(i-l) 


[ 1 ] 


</’0 




</'o- 


The claim concerning can be obtained from the result for (j)^. as follows. 


Vk=q 


-2k{s — k) 


^ ^-2fe(s-/c+l) 



= 9 




D 




^ — k{s — k+l) 


(». 


where in the first and in the third equation |KS97|, Prop. 8.22, is used again. □ 




















































































































28 


STEFAN KOLB 


Let As denote the antisymmetrizer, i.e. the projector onto V{ijJs) C V’®'* given 
graphically by (A.l). 


Lemma A.3. 

(A.4) As+l = |-^ — [s](As)l,...,s-Rs,s+l(^s)l,...,s^ 

(A.5) = ^ (^g'’(As)2,...,s+l - [s](As)2,...,s+1-Ri,2(As)2,...,s+i) , 

where (As)i^...^s denotes the action of Ag on the firsts tensor components ofV^^'^^, 
similarly (As) 2 ,...,s+i, Rs,s+i and i?i, 2 - 


Proof. If Ps+i is defined by the right hand side of (B then 

^s+l|K(tj^+l)CV'®('»+l) = r , .1 (<?* + 9 ^W) = 1- 


On the other hand it follows from Lemma A.2 for fc = 1 that P^+i restricted to 
V{u!s + 0 Ji) C VipJs) ®V d does indeed vanish. This proves (A.4) and the 

second expression is obtained similarly. □ 


For fc = 0,1,..., s and / = 0,1,..., s consider the morphisms defined by 




^tA-k 


^s-k 

^t+k 


:= 


i^S-l 


^t+l 


s—k t+k 


^s — k 


and := 


l^t+k 






The irreducible representation V(uJs+UJt) occurs in V(ojs-k) <S> V(iat+k) with multi¬ 
plicity one. Thus there exist coefficients ifki G C such that 4'^.; = tpki'^k- 


Lemma A. 4. The coefficients ipki satisfy the following relations: 


1 . 

2 . 

3. 

4. 


'fiki = i’lk, 

■fiki = fi’kji’ji for all k> j > I, 
'fikk — I 5 

_ [s-t-k][k+l] 

Ifk+l.k — [t+fe+i][s_fe] ■ 


Proof. Define W C to be the isotypical component of V{LOgPi^t) in V®(®+*). 

Define morphisms K = {Ag-k O At+k)\w and L = {Ag-i O At+i)\w- Then the 
relation 


fiikAiK = f’lkKLK = KLKLK = 

proves the first property. Relations 2. and 3. follow immediately from the defini¬ 
tions. To verify 4. define coefficients pk £ C, fc = 0,1,..., s by 
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It follows from (A.4) with s replaced by s—k and from (A.5) with s replaced by 
t+k that 


Pk 


[s-k] 


[s-fc+l] 

[s-k] 




qt+k [t+k+1] 

[t+k] [t+k] 


This relation and the symmetry property V’fe+i.fe = V'fc.fc+i imply the recursion 
formula 

[t+A:][s—A:+l] [s—t—2k] 

^ [t+k+l][s-k]^''’''~^ ^ [t+k+l][s-kY 

Now property 4. follows by induction. □ 


The above Lemma can be used to calculate all coefficients ipki- In particular 

/A ; ; TT ; TT i^~'^~j][j+Y ^t+l)g 

(A.6) 


Lemma A.5. 


OJs-l 

OJs-1 

CJs-l 


(^s-1 

LJs 

LJs OJs ■ . ■ 

LJs 

^s-1 








(s-I)Ws 



1=0 




Proof. Note first that the irreducible representation I4((s—l)a;s) occurs in each of 
the tensor powers y(a;s_i)®® and with multiplicity one. Therefore there 

exists a well defined coefficient Ag such that the morphism on the left hand side 
of the above equation is equal to Ag times the morphism on the right hand side. 
Lemma A.4 for I = 0 and k = s—t—1 can be applied successively to simplify the 
diagram on the left hand side. This yields 


s-l 

As = '0O,s-t-l 

t=o 


n 






-2 

Q 


□ 


Lemma A.6. Set fis = then 
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where V(u}s) is considered as a sub-representation ofV®‘^, and 




where V(uJr') is considered as a sub-representation o/(y*)®®. 
Proof. To prove the first relation note that Lemma |A.2| implies 



q 


i(s —1+1) 





Applying this successively from the right to the left hand side of the first relation 
yields the desired coefficient. The second relation is verified similarly dualizing 



“a 



□ 


Now the proof of the last property of Proposition 2.2 can be performed graphi¬ 
cally. Abbreviate 7 = {—q) 2 (g 2 [s]![s])®c“'*, then 
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By Lemma A.5 it is possible to insert s 


1 projectors onto V{lUs). This leads to 



Now the left and the right half of the above diagram can be simplified using Lemma 


A.6 


= 7[s]’ 



s(s — 1) 

= (-l)^g- 


s\\zij 


which proves the last property of Proposition 2.2 
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